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For a finite set X. a function f:  P(X)-+Z is said to have strength t if Z" f(B)=0 for all 
A~-B 

A~P(X), IAl~t. Supports of functions of strength t define a rnatroid on P(X). We study the cir- 
cuits in this matroid. Some other related problems are also discussed. 

1. Introduct ion and s t a t e m e n t s  o f  results  

Let X =  {Yl, X 2 . . . .  , x,,} be a finite set of n elements. We will denote by P(X), 
the set of all subsets of X and by Pk(X), the set of all k-subsets of X. We will denote 
by V= V(X), the free Z-module of all integral functions f :  P ( X ) ~ Z .  

For every Bc~X and integer t~0 ,  let 7 .~V be a function defined by 

j l  if B ~  C and [C'l ~-t Z~.(C) 
Jo otherwise. 

Define a subset S ~  P(X) to be independent if and only if {z~[BC S} is a line- 
arly independent subset of  V. This clearly induces a matroid structure on P(X). 
This matroid has been studied in connection with many problems in the theory of 
designs or extremal problems for families of finite sets. In fact many interesting ine- 
qualities are proved by showing that certain families of subsets of  X correspond to 
independent sets in this matroid (see [1, 3, 4, 5, 6, 7, 12]). 

Tlae aim of  this paper is to study circuits in this matroid. In this section we 
first redefine the matroid described above in 'dual'  terms which seem more suitable 
and familiar and then describe various results. The next section is devoted to the 
proofs. 

For any subset Ac=X, define a monomial p (A)=  11 .v, P ( 0 ) = I .  We 
xEA  

identify A with p(A) and in this way we also think of P(X) as the set of all square- 
free monomials in xl, x2 . . . . .  x,. Similarly we also consider any fE V(X) as a poly- 
nomial f =  ~ '  f(A)p(A). Thus V(X) is also free module of all square-free polyno- 

AC=X 
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mials in x~, x._, . . . . . .  % with integral coefficients. Clearly V(X) is flee module with 
P(X) as a basis. 

For every J~ V, let us denote by 0fthe unique element of V defined by Of(B) 
= if, f(A) lk~r all B~X.  

Bc=A~X 
A function f~ V is said to t~e of stre+~gth t i f f  i~f(B)=0 for all B ~  X with 

/el-_--- t. 
Functions of strength t have been studied earlier and called null-t-designs in 

[8, 1 I], 0-measures, 0-configurations in [2, 3]. We give two examples of such function 
(see [3, 8] for details). 

Example l(a). For any sequence Y=(3q,Y,~ . . . .  ,.Vk+,+0, YI~-X, k ~ t + l  and 
vi#vj for i#j, the polynomial f~=(Y~-Y~)(Ya-Y4)...(Y',,+x--Y~,+=)Yz,+a Yk+,+~ 
~S a function of strength t. 

Note that .I~(B)=0 if IBl#k. 

Example l(b). For any sequence y=(y~, 3"., . . . . .  y,+(), 
the polynomial 

g~ = H (1 - y 3  
1 U i ~ r + l  

is a function of strength t. 

yiEX, )'i#Yj for i¢./', 

Define E =  V,(X)= {.flf¢ V, f h a s  strength t}. V~ is clearly a submodule of V 
and will be called module of functions of strength t over X. 

For a function .fC V define 
(i) S(f)=support(f)= {Bc, P(X)I/'(B)~-O} 
(ii) S + (f)=posit ive suppor t ( f )=  {BCP(X)]f(B)>O} 
(iii) S -  ( f ) =  negative suppor t ( f )=  {B~P(X)If(B)<O }. 

R e m a r k .  

(a) S + ( f ) U S - ( f ) = S ( f ) ,  S+(f) f ' lS-( f )=O and S + ( - f ) = S - ( f )  
(b) S + ( / ) = S ( f  +) and S - 0 ' 3 = S ( f - )  
where f = f + - f - ,  f+ and f -  are defined by 

{Jo(B) if f (B)  ~ O 
f + ( B )  = " otherwise; 

~ - f (B)  if f ( B ) ~  0 
f - ( B )  [o  otherwise. 

A subset Sc=P(X) is said to be 
(a) t-dependent if and only if S ~  S( f )  for some function f of strength t, f ,~0 ,  
(b) t-independent if and only if S is not t-dependent, 
(c) t-circuit of X if and only if S is t-dependent and every S'  ~ S, is t-independent. 

We will denote by M,(X), the set of all t-circuits of 2,. 

Remark. Clearly, t-circuits of X are precisely the circuits of the matroid described in 
the beginning of this paper. It is also clear that this matroid is the chain-matroid 
corresponding to tlle chain group V, in the language of Tutte [14]. 
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We will also study minimal positive supports (defined below) of functions of 
strength t. A subset Sc= P(X) will be called t-minimal positive support if and only if 
S= S ( f  +) for some function f of strength t and for every S" ~ S, S" ~ S(g  +) for 
any function g of strength t. 

The following theorem shows that the functions J~ and gy defined in Example 
l(a) and (b) have minimum support and minimum positive support. 

Theorem 1. Let f be a function of strength t, .]'~ 0, then 

fat  s ( f )  >= 2 ' + '  

(b) S + ( f )  ~ 2'. 

The statement (a) of Theorem I has been proved in [6]. One can also easily 
see that the method of proof  of (a) in [6] also yields statement (b) of Theorem 1. 

Remark. We also note that proof of Theorem l shows that Theorem 1 (a) is also true 
for functions of  strength t, taking values in any ring in place of  Z. 

Corollary 1. If S ~ P ( X )  and [S]<2 t+t then [z~{B~S} is a linearly independent 
xubset oJ" V. 

The lbllowing theorem shows that every l-minimal positive support has cardi- 
nality 2. 

Theorem 2. Let S be a nonzero function off strength 1, with l-mh~hnal positive sup- 
port then S + ( f )  = 2. 

The following examples show that tier t > l  there are t-circuits (t-minimal 
positive supports) of cardinality more than 2 t+~ (respectively 2t). 

Example 2(a). 
Let J; =(1 +)q z, ,+y,zza+xll;2+x~yt+xlze+x~zl+xlyl= 1 + xzya:.,) 

- (z, +.vl + vl + xi y,,, z~ + x~ z2Yt + Yt x,, zl + x,, y,, + x2 z~ + 3'2 z2), 
and fa=(l q-.x:lylZl-l-xlyzq-X,,)'l q-y2Zl q-)'lZ~+ ZlX2q-Z.,Xt) 

--(XlY2Zl-l-XlZ2Yl-~Yl  XgZ 1 -{'- Xl -~- y 1 q--Z 1 -]" X2-}- J'2-{- Z2). 
It can be easily verified that f~, .1~- Ve(X) ibr X= {x~, Yt, z,, x,,, Ye, ze}. 

Using Theorem 3 described below it can also be easily verified that S(J'O is a 2-cir- 
cuit for X. 

Example 2(b). 
Let f= (2+x lx . , xa+x ,  x2x4+xtxax~+x.,xaxa)-(xl+x, ,+xa+xa+2xlxexax4).  

Again using Theorem 3 and 4 described below one can easily verify that 
S ( f )  is a 2-circuit on X =  {x~, x2, Xa, x4} and S + ( f )  is a 2-minimal positive support. 

Remark. From Example 2(a), since S + ( f , ) ~  S +(J;), it also follows that in general 
positive support of a function fC 17,, for which S ( f )  is a t-circuit, need not be a t- 
minimal positive support. 

A good description of all t-circuits will indeed help very much in many in- 
teresting problems in the theory of designs. However it seems to be a difficult problem. 
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The following two theorems describe criteria to determine whether for a given func- 
tion f c  I/~, S ( f )  is t-circuit o1 S + ( f )  is a t-minimal positive support. 

Theorem 3. Let S=cP(X), then S is t-circuit !f and only i f  the following conditions 
are satisfied. 
(i) There exists j'c._ I/t s'uch that S ( f ) =  S, 
(ii) The rank of  the submodule of  V .generated by {z~IBE 5'} is IS[-  1. 

Theorem 4. Let S ~ P ( X ) ,  then S is a t-minimal positive stq~port i f  and onl)' i f  the 
following conditions are satisfied. 
(i) There exists f~.V~ such that S + ( f ) = S .  
(ii) For am' gE V satisfying 

(a) g(B)>=O J'or all B ( P ( X )  
(b) f +  - g (  V¢ 

the following ~ondition holds 
(c) for every BC S+(f ) ( ' l  S(g), f ( B ) > g ( B ) .  

The tbllowing theorem shows that Theorem 1 can be strengthened in special 
cases. Note that Example 2(b) shows that it will be difficult to strengthen Theorem 1 
in general. 

Theorem 5. lJ" fc~V,(X) with S(. f)~Pu+1~(X ), then either 
(i) f=c fy  for some rector Y=(Y~, Y~, Ya . . . . .  Y2,+',), and cEZ, where .['y is as 

described in Example l (a)  or 

(ii) IS(f)[~2.2 '+ '  and 5 " + ( f ) ~ 2 . 2 ' .  

We will also prove a few simple results on the structure of S ( f )  J:5 Vt in gene- 
ral. 

Theorem 6. Let J:q V~(X) then S ( f )  is the union of all t-circuits C, C~ S ( f ) .  

Theorem 6 is in fact true in general for any chain matroid (see [14]). The 
following theorem gives an analogue of Fisher type equations for t-designs in the case 
of functions of strength t. 

Theorem 7. (Fisher-type equations.) Let J~Vt(X),  then for all O<=i~t. 

(C) = 0 for all B q S ( f ) .  
C ( P ( X )  

The lbllowing corollary is immediate. 

Corollary 2. Let fE Vt(X), thenJbr any pol)nomial F of  degree ~ t  with integral 
co@ftc'ients 

X F(IB~qCi)J(C) = 0 jor all BC, S(J'). 
Ccptx)  

The above corollary will be used to prove the following theorem which gene- 
ralises Theorem 6 in [3], Graham [9] has intbrmed us that this theorem has also been 
proved by Chung and Graham howe~er their proof is different from the one 
given here. 
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Theorem 8. Let f~ Vt(X ) and p be any prime number. Let BC S ( f )  be such that 
f ( B )  ~ 0 (mud p), then either 
(i) IBCICI~IB] (modp)  for some C ~ S ( f ) ,  C ~ B ,  or 
(ii) there exist Ca, Cz . . . .  , C,+I~S(f) ,  CLUB, such that for ctil 1 <=i#./:~t+ l, 

JBnC,-J~IBrqCiJ (mud p). 

The tbllowing corollary is immediate. 

Corollary 3. Let .]~Vt(X) then for eyeD, B ~ S ( f )  there exist C~,C~ . . . .  ,Cr+~ 
~ S( f ) ,  CiCB. sati~fying for all l~iCj<=t+ 1, 

!B;~C,I # !Bn c/ .  

The following result which follows from Theorem 8, was first proved in [4]. 

Corollary 4. Let S c=Pk(X), and p be a prime zlumber. SUpl)ose there exist integers 
lq, It.2 . . . . .  t~,, Pi~ k (mud p),  such that for all B, C~ S, B #  C, IB~ C[ ~pi (mud p) 
Jbr some i, then 

Finally we state various problems which come to one's mind in the context of 
studying functions of strength t, and discuss a few related results. 

Problem 1. Giz'e a good comb#tutorial description qf 
(a) all t-eireu#s, 
(b) all t-minimal positire sets, 
(c) positi~e supports of Jhnctions of strength t. 

For any .1~ V define a function Orf¢ 1," by 

t~f(B) if ',Bl= t 
a . J ( B )  = 

' otherwise. 

Problem l(c) can clearly be reformulated as follows. 

Problem 1(e'). Describe all s'ets S ~  P(X)  such that there exi,s'ts a Junction j~  v satLg- 
frh~g the Jbllowing conditions 
(i) /(B)~0 /or all B~PtX), SCI')=S 
(ii) there exists a function gf  V, such that 

I. S(g)FIS=O, g(B)~O .lot all B(-P(X). 
I[. O~g=Oi,[ _for all O~i~ t .  
Thus this problem is related to the following. 

Problem 2. Describe the set Er(X) of all ordered (t+ l)-tuples g=(g0,  g~ . . . . .  gr), 
gi6 V(X), such that there exists a J2mction .[~ V(X) saris[ring 
(a) .I'(B)~O for all B~P(X), 
(b) i)iJ'-g i 0 -~ i < t. 

Problem 3. Describe the set E~(X)C= Er(X) oJ all g~E,(X), for which there exists 
J'~ V(X) satL~['y#Tg (a) attd (.b) abore with S ( f ) ~ P k ( X  ). 
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The problems described above are quite difficult in their full generality. The 
well known problem on existence of t - ( v ,  k, Z)-designs, for example, corresponds to 
describing all ordered tuples (Z,,)q, )-2 . . . .  , Z t) of integers for which ()-0e0, Zlet . . . .  
.... ).,e,)<E~(X), where e iEV is defined by 

{l  i f  181 = 
ei(B) = / 0  otherwise. 

We also remark here that Problems 2 and 3 can be solved if we do not insist 
for func t ion f to  satisfy the condition (a) viz. f ( B ) ~ 0 .  In fact this question has been 
considered in [10, 11] and [13] for the case g=(Z ,e , ,  5-2e2 . . . .  ,2,e,). However the 
proofs given there are also valid for general g. We state four theorems below for 
general g. The first one is trivial. We do not give proofs for the others as the proofs 
are essentially along the same lines as that of  the main theorem in [1 I] and Theorem 1 
and 3 in [13]. 

Theorem 9. Let g=(go ,g~  . . . . .  g,) be an ordered re~de, g i~V  such that S ( g  i) 
~PI(X) ,  then there exists l'c V s.t. Oi f=g i Jbr all O~i<=t. 

Theorem 10. Let g=(go ,  g~ . . . . .  &) be an ordered tuple g ~ V  Jot" which there 
exists a positive integer ~t a:M some ./~ V satisfvhTg 
(a) f ( B ) ~ O  for  all B~P(X) and f ( B ) = 0  jbr  all Bc, P~(X), O<-i~-t, 
(b) q)if=ILgi for  all O-__i~t, 
then there exists an integer 2o such that ).gCcE,()) for  all ).>2q. 

Theorem 11. Let g=(g0,  g~, go . . . . .  g,) be an ordered tuple such that S(gi)C=Pi(X) 
then the followhTg condition (.N } ig necessary and sufficient for  the existence o J" a ./itnc- 
tion f~  V, sati,~/i'hTg iJif=ff, i for  O ~ i ~ t  and S(f)~_Pk(X): 

(N) aigi~, = ( k - i ) g i ,  O ~ i ~  t - t .  

Theorem 12. Let g = ( g , ,  & ,  g., . . . . .  g,) be an ordered tuple, gi g_ l/, for which there 
exists a positive integer Ft and some ./~ V sati.~/~ving 

(a) f ( B )  > 0 .)Cot" BgP(X)  and S ( f )  = Pk(X) 

(b) a , ( f ) = l t g  i for  all O :~ - i :=  t 

then there exists an integer L o such that ZgCE~(.V) for  all Z>-Zg. 

Note that condition (b) above already implies that the necessary condition 
(N) is satislied bv g. 

2. Proofs 

Ploof of Theorem 2. Let us suppose that .f< V t is such that S - ( . f )  is 1-minimal 
positive support; we wilt show that [S+( f ) [=2 .  Let S = S + ( f )  and let S 
={B1,B.,_ . . . .  , B,,,}, Now if there exist B and B' in S such that B C B "  or B ~ B ' ,  
then the function g(. V, defined by 

g(B)  = g ( B ' )  = 1, ,,~(Bt-)B') = g ( B U B ' )  = - I ,  g ( C ) = 0  

otherwise is nonzero and has strength 1. 
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Thus by the minimality of  S we have either m = 2  or S is a chain, i.e., we can 
assume that B1C=B2~.. C B 

• ~ I t !  ° 

Again if IB,,-BI[>=2. we can take two subsets B and B'  of  X, different from 
BI and B,,,, such that B N B ' = B I  and BUB'=B, ,  and hence the function - g E  V~ 
for g as defined above shows that S =  {Bt, B,,}. Thus, in any case l s l ~ 2 .  II 

Proof  of Theorem 3. Let S be a t-circuit and let g, fE V,(X) be such that S(g) 
= S ( f ) = S .  Now if g~rJ" for a rational number r, we can clearly find integers ml 
and m2 such that S(mlf+m~g)C+ S a contradiction as S is a t-circuit. Thus for every 
hE V,(X) with S(h)=  S there exists a rational number r with h=rfi This is clearly 
equivalent to saying that the coefficient matrix of  the equations (2.1) in variables 
vn, BeeS, described below has rank IS [ -1 .  

(2.1) P.4" ~ Y B = 0  for all ACPI(X), 0 _ < - i ~ t .  
.4~BES 

This is equivalent to saying that the rank of the submodule of  V generated by 
{z~IBCS} ~ ]SI-1. II 
Proof of Theorem 4. If  condition (c) is not satisfied then S+( . [+-g )~  S, which 
contradicts the fact that S is a t-minimal positive support. The converse is also 
clear. II 

Proof  of Theorem 5. We will prove the theorem by induction. The assertion can be 
easily verified for t = 0  and 1. Now let t > l ,  and let T b e  defined by 

T =  U B. 
B ~ S( f )  

Now ITl->2t+2 and if I T ] = 2 t + 2  then (i) holds (see [6]). 
Hence we may assume that IT]=~2t+2. We will prove the theorem by in- 

duction on ITI. For xET, define f~E V by 

0 if xE B ~= X 
Z ( s )  = / ( B U  {x}) if x¢  B c X. 

Clearly, f~E Vt_t(X) and 

S(f~) = {B-- {x}]xE BE S( f )} .  

Now we consider two cases. 
Case i. For some xE T, (i) holds for f~, i.e. 

f~ = e (Yl -- Y.,) -.. (Y~-I -- Y~) 
for some y~E T. 

Since I T l ~ 2 t + 2  we can choose y2t+IET different from yi(l~_i<=2t) 
and x, consider 

f"  = f +  (Y2, +1 - x)fx. 

Now f ' E  Vt(X), and U B ~  T -  {x}. Hence using the induction hypothesis 
BCS~') 

for f ' ,  we have either 

3 2,+~ and IS+(f ' ) ]  ~ 3 (a) IS(f ' ) I  ~ ~-- _ ~-.  2', 
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in which case, using the fact that  S(xf~,) c= S ( f ) -  S(f'), it can easily be checked that  
> 3  

• 2 '+a and 1S+( f ) I ->_~ .Y;  or we have IS( f ) l  = ~ -  2 

. ,  ! # X # t (b) f" = c (xa-x2) ' . . . ' (  2,+1-x2,+~) for  some x'i(X. 

Then again the theorem can be checked directly, for 

f -- c' (x~ - x~) ... (x~t +, - x.;, + 2) + c (Y2, +a - x) (Yl - Yz) ... (Yz,-a - )b,). 

Case 2. For  all x~ T (ii) holds with f~, i.e. 

3 . 9, and Is(Z)I  --> 5- - 

Now (ii) follows from tTl_->2t+2 and 

3 . 2 t _  1 
l s  + (f.<)l --> 5- 

1 
- Z lm(Z)l. I s ( f ) l  t + l  xcr  

l 
ls  + (f)]  - Y l S  + ( Z ) l  

This completes the proof.  II 

Proof  of  Theorem 6. Theorem 6 follows easily by induction on IS(f)l. 

Proof  of  Theorem 7. 

z fl  .cl)f(c)= OI(A)=O. I 
CEP(X) \ t AC=B = AC=B 

[Al=i  i a [ = i  

Proof  of  Theorem 8. Let  BE S( f )  be such that  condit ion (i) is not  satisfied. Now if 
(ii) is no t  satisfied there exist integers /xl, p~ . . . . .  p,; P ~  IBI (rood p) such that  for  
all CES(f), there exists i, 

(2.2) 

Define a polynomial  F(t) by 

1 <=t=t'< satisfying 

I B N C I  - ~ (rood p). 

F(t) = k (t--lh) 
i = l  

using Corol lary 2 for  F(t) and (2.2) above we get 

t 

f(B) ]7 ( IB[ -p i )  - 0 (mod V). 
i = 1  

Since p is a pr ime and [B[ ~ Pl (mod p) we infer f(B) =- 0 (mod p), contradicting the 
assumptions.  This completes the proof.  II 

Proof  of  Corollary 4. Using Theorem 8, we obtain that  S is t-independent,  i.e. 

{zsIBES} is linearly independent,  thus [SI_-<{:J 
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