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For a finite set X, a function f: P(X)—~Z is said to have strength rif ¥ f(B)=0 for all
ATB

AEP(X), [4|=1. Supports of functions of strength ¢ define a matroid on P(X).:We study the cir-
cuits in this matroid. Soine other related problems are also discussed.

1. Introduction and statements of results

Let X={x,, x5, ..., x,) be a finite set of » elements. We will denote by P(X),
the set of all subsets of X and by P.(X), the set of all k-subsets of X. We will denote
by V=V(X), the free Z-module of all integral functions f: P(X)—~Z.

For every BT X and integer =0, let y4¢¥V be a function defined by

I if B2C and |C| =1t
0 otherwise.

() =1

Define a subset SEP(X) to be independent if and only if {}5|B€ S} is a line-
arly independent subset of V. This clearly induces a matroid structure on P{X).
This matroid has been studied in connection with many problems in the theory of
designs or extremal problems for families of finite sets. In fact many interesting ine-
qualities are proved by showing that certain families of subsets of X correspond to
independent sets in this matroid (see [1, 3,4, 5, 6, 7, 12]).

The aim of this paper is to study circuits in this matroid. In this section we
first redefine the matroid described above in ‘dual’ terms which seem more suitable
and familiar and then describe various resuits. The next section is devoted to the
proofs.

For any subset A4S X. define a monomial p(4)= J] x, P@)=Il. We

x€A
identify A4 with p(A4) and in this way we also think of P(X) as the set of all square-
free monomials in x,, X,, ..., x,. Similarly we also consider any f¢ V(X) as a poly-
nomial f= 2 f(4)p(4). Thus V(X) is also free module of all square-free polyno-
ACx

AMS subject classification (1980): 05 B 35



332 M. DEZA, P. FRANKL, N. M. SINGHI

mials in x;, Xs, ..., v, with integral coefficients. Clearly ¥(X) is free module with
P(X) as a basis.

Forevery f£V, let us denote by ¢f the unique element of V¥ defined by 97(8B)
= > f(4) for all BZX.

BSACX

A function feV is said to be of strength ¢ iff 8f(B)=0 for all BC X with
|Bi=1.

Functions of strength ¢ have been studied earlier and called null-f-designs in
[8, 11], C-measures, O-configurations in [2, 3]. We give two examples of such function
(see [3, 8] for details).

N

Example 1(a). For any sequence F=ns Py Yewen)s 3€X, k=141 and
Yy for i=/, the polynomial ./_‘v:(,rl_.1'.2)(.)'3—.1'4)-'-(..V’.ét—i»l—,1’.214.-2),"21%—3 e Vhtren
1s a function of strength 1.

Note that f,(B)=0 if |B|=k.

Example 1(b). For any sequence y=(1y, s, ..., V,u1), 35X, 3=y, for i=],
the polynomial

&= H (1~)()

1Eize+1
is a function of strength 7.

Define V,=V,(X)={f|fe ¥, fhasstrength t}. V,is clearly a submodule of V'
and will be called module of functions of strength t over X.
For a function f¢V define
(i) S(f)=support(f)={B<P(X)|f(B)=0}
(i)Y ST(f)=positive support (f)= {BEP(X)|f(B) =0}
(i) S~ (f)=negative support (= {BEP(X)|f(B)<0}.

Remark.

@  STHUS(NH=S{), STNHNS (/=0 and SH(—=S(f)
(b)  ST=S(f*) and S™(NH=S(f)
where f=f*—f~, f* and f~ are defined by

oo [f(B) i F(B)=0
JT(B) = {0 otherwise;

oo F(B) Af f(B)=0
JTB) = {0 otherwise.

A subset SSP(X) is said to be
(a)  t-dependent if and only if S2 S(f) for some function f of strength ¢, f=0,
(b)  r-independent if and only if S is not z-dependent,
{c) t-circuit of X if and only if S'is -dependent and every S"& S, is f-independent.
We will denote by M,(X), the set of all t-circuits of X.

Remark, Clearly, t-circuits of X are precisely the circuits of the matroid described in
the beginning of this paper. It is also clear that this matroid is the chain-matroid
corresponding to the chain group V, in the language of Tutte [14].
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We will also study minimal positive supports (defined below) of functions of
strength 1. A subset SSP(X) will be called r-minimal positive support if and only if
S=S(/*) for some function f of strength r and for every S'& S, $'#8(g*) for
any function g of strength r.

The following theorem shows that the functions f, and g, defined in Example
I{a) and (b) have minimum support and minimum positive support.

Theorem 1. Let [ be a function of strength t, f£0, then
(@ SH=27
(b)y St(fHy=2"

The statement (a) of Theorem 1 has been proved in [6]. One can also easily
sex that the method of proof of (a) in [6] also yields statement (b) of Theorem 1.

Remark. We also note that proof of Theorem 1 shows that Theorem 1(a) is also true
for functions of strength ¢, taking values in any ring in place of Z.

Corollary 1. Jf SSP(X) and |S|<2'*Y then {yg|B€SY is a linearly independent
subset of V.

The following theorem shows that every [-minimal positive support has cardi-
nality 2.

Theorem 2. Let S be a nonzero function of strength 1, with 1-minimal positive sup-
port then S*(f)=2.

The following examples show that for 7=>1 there are s-circuits (f-minimal
positive supports) of cardinality more than 2'*' (respectively 2.

Example 2(a).
Let  fi=s(l+paatrai Xyt aek + XS Xa 2+ X100 2+ X072 5)

—(zrt X it X Yz X e b F VX T X Ve T X 2y b Ve T),
and  fi=(l4+x 120+ 3 Vet X+ pem + 3 S H X+ 22 X))

—(X1YaZy+ X1 2oy + )1 X2y H X+ 2+ X H et 2o)-

It can be easily verified that fi, f,€V,(X) for X={xy, y,. 2/, X3, V2, Du}.

Using Theorem 3 described below it can also be easily verified that S(f;) is a 2-cir-
cuit for X.

Example 2(b).

Let  f=(24xyx, X5+ X3 X Xy + X X3 X+ Xa 23 X) — (3 + Xp 4 X5+ 5, + 23 X2 x5X,).
Again using Theorem 3 and 4 described below one can easily verify that

S(f)is a2-circuit on X={x,, x5, x4, x,} and S¥(f)is a 2-minimal positive support.

Remark. From Example 2(a), since S*T(f))E S (7). it also follows that in general
positive support of a function f€V,. for which S(f) is a r-circuit. need not be a -
minimal positive support.

A good description of all r-circuits will indeed help very much in many in-
teresting problems in the theory of designs. However it seems to be a difficult problem.
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The following two theorems describe criteria to determine whether for 2 given func-
tion feV,, S(f)is r-circuit or S*(f)is a ~-minimal positive support.

Theorem 3. Let SSP(X), then S is t-circuit if and only if the following conditions
are satisfied.

(1) There exists feV, such that S(f)=S,

(il  The rank of the submodule of V generated by {;5|B€S} is |S|—1.

Theorem 4. Let SSP(X), then S is a t-minimal positive support if and only if the
Jollowing conditions are satisfied.
(1) There exists feV, such that S*(f)=S.
(i) For any g€V satisfving

(a) g(B)=0 for all BEP(X)

(b) fr—geV,

the following condition holds
(©) for every BEST(NNS(g), f(B)=g(B).
The following theorem shows that Theorem 1 can be strengthened in special

cases. Note that Example 2(b) shows that it will be difficult to strengthen Theorem 1
in general.

Theorem S. If feV,(X) with S(f)EP .1 (X), then either
(1) f=cf, for some vector y=(¥i, Y. ¥z, ..-» Yaso), and c€Z, where f, is as
described in Example 1(a) or

(i1) lS(f)['-;%-T“ and S+(Af)§%-2‘.

We will also prove a few simple results on the structure of S(f), /€ V, in gene-
ral,

Theorem 6. Let f2 V(X)) then S(f) is the union of all t-circuits C, CE S(f).

Theorem 6 is in fact true in general for any chain matroid (see [14]). The
following theorem gives an analogue of Fisher type equations for 7-designs in the case
of functions of strength ¢.

Theorem 7. ( Fisher-type equations.) Let fEV,(X), then for all 0=i=1.

S [|B?C|)ﬂc):0 Sor all  BeS(f).

CEPiX)

The following corollary is immediate.

Corollary 2. Let fcV(X), then for any pelynomial F of degree =t with integral
caefficients
> F(BNCHCY=0 forall BeS(f).
C<P(X)

The above corollary will be used to prove the following theorem which gene-
ralises Theorem 6 in [3], Graham [9] has informed us that this theorem has also been
proved by Chung and Graham however their proof is different from the one
given here.
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Theorem 8. Let fcV,(X) and p be any prime number. Let BES(f) be such that

f(BYZ0 (mod p), then either

(1) IBOYC| & |B| (mod p) for some CeS(f), C#B, or

(1)  there exist Cy, G, ..., C11€ S(f), C;= B, such that for ell 1=i=j=t+1,
IBOC]##|BNC)| (mod p).

The following corollary is immediate.

Corollary 3. Let feV,(X) then for every BES(f) there exist Cy, Cs, ..., Ciyy
€S(f). Ci#B. satisfying for all 1=i=j=1+1,

IBOC| = [BOCl.
The following result which follows from Theorem 8, was first proved in [4].

Corollary 4. Ler SCSP(X). and p be a prime number. Suppose there exist integers
Mis Moy oo iy, Wk (mod p), such that for all B, C<S, B=C, |B(1Cl=y; (modp)
Jor some i, then
v
IS1= [r)

Finally we state various problems which come to one’s mind in the context of
studying tunctions of strength ¢, and discuss a few related results.

Problem 1. Give a good combinatoriul description of
(a) all 1-circuits,

by  all t-minimal positive sets,

(c)  positive supports of functions of strengih t.

For any f€V define a function d,f€V by

o [UB) i iBl=1
S (B) = {0 otherwise.

Problem 1(c) can clearly be reformulated as follows.

Problem 1(c’). Describe all sets ST P(X) such that there exists a function feV satis-
fring the following conditions
() f(BY=0 for all BEP(X). S(f)=S
(1) there exists a function g€V, such that
I S(e)NS=0, g(B)=0 for all BEP(X).
1. Dig=0,f for all 0=i=r.
Thus this problem is related to the following.

Problem 2. Describe the set E(X) of all ordered (14 D-tuples g=(gg» 81+ s Sh
g:EV(X), such that there exists a function feV(X) satisfying

(a8)  f(BY=0 for all BEP(X),

(by d.f=g 0=i=1

Problem 3. Describe the set FNXYS E(X) of all gc E(X), for which there exists
JEV(X) satisfying (a) and (b) above with S(f)SP,(X).
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The problems described above are quite difficult in their full generality. The
well known problem on existence of 1 —(v, k, A)-designs, for example, corresponds to
describing all ordered tuples (4,, ;. 4o, ..., 4) of integers for which (Jyey, 410, ...

w Ae)EEF(X), where e,V is defined by

(1 Bl =i
ei(8)~10 otherwise.

We also remark here that Problems 2 and 3 can be solved if we do not insist
for function fto satisfy the condition (a) viz. f(B)=0. In fact this question has been
considered in [10, 11] and [13] for the case g=(} ¢, 2s0s, ..., 2.€,). However the
proofs given there are also valid for general g. We state tour theorems below for
general g. The first one is trivial. We do not give proofs for the others as the proofs
are essentially along the same lines as that of the main theorem in [11] and Theorem |
and 3 in [13].

Theorem 9. Let g=(gy, g, ... g) be an ordered tuple, g€V such that S(g))
EP(X), then there exists fCV s.i. 0, f=g; forall 0=i=1.

Theorem 10. Let g=(gy, &1, .... &) be an ordered tuple g€V for which there
exists a positive integer p and some fCV satisfving

(a)  f(B)Y=0 for all BeP(X) and {(B)=0 for all B<P,(X), 0=i=1,

(b) . f=pg for all 0=i=ry,

then there exists an integer 7, such that JgcE(X) for all )=4,.

Theorem 11. Let g=(gq. 8., Lo, ..., &) be an ordered tuple such that S(g) S P:(X)
then the following condition (N) IS necessary and sufficient for the existence of a func-
tion feV, satisfying O, f=g; for 0=i=t and S{f)S P (X):

(M) Digi=(k=ig, 0=i=1-1.

Theorem 12. Let g=(g,. 2., &2, ..., &) be an ordered tuple, g€V, for which there
exisis a positive integer 1 and some [CV satisfving

(a) fB)Y=0 for BeP(X) and S(/H=P
by (N =ung forali 0=i=1
then there exists an integer Ly Such that 7g€ EF(X) jor all 2=1,.
Note that condition (b) above already implies that the necessary condition
(N) is satisfied by g.
2. Proofs

Proof of Theorem 2. Let us suppose that f€V, is such that S7(f) is l-minimal
positive support; we will show that [ST(f)|=2. Let S=ST(f) and let S
=By, B,, ..., B,}. Now if there exist 8 and B’ in S such that B4 B" or BDB’,
then the function g1/, defined by

2(B) =g(B8) =1, g(BNB) =g(BUB) =—1, g(C)=0

otherwise is nonzero and has strength 1.
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Thus by the minimality of S we have either m=2 or § is a chain, i.e., we can
assume that B,S B, S ...E8,,.

Again if |B,—By|=2. we can take two subsets B and B’ of X, different from
B, and B, such that B(1B’=B; and B\UB’=B, and hence the function —geV;
for g as defined above shows that S={B,, B,}. Thus, in any case |S|=2. |}

Proof of Theorem 3. Let S be a f-circuit and let g, f€V,(X) be such that S(g)
=S(f)=S. Now if g=rf for a rational number r, we can clearly find integers m,
and m, such that S(m, f+m,g)&E S a contradiction as S is a t-circuit. Thus for every
heV (X)) with S(h)=S there exists a rational number r with A=rf. This is clearly
equivalent to saying that the coefficient matrix of the equations (2.1) in variables
vp. BES, described below has rank |S|—1.

2.1 Py D yg=0 forall AePy(X), 0=i=r

e
ACBesS

This is equivalent to saying that the rank of the submodule of V' generated by
{xalBeS} is [S|—-1. 1

Proof of Theorem 4. If condition (¢) is not satisfied then S+(f*—g)& S, which
contradicts the fact that S is a r-minimal positive support. The converse is also
clear. ||

Proof of Theorem 5. We will prove the theorem by induction. The assertion can be
easily verified for r=0 and 1. Now let ¢=1, and let T be defined by

T= U B
B&S(S)

Now |T|=2¢t+2 and if |T|=2t+2 then (i) holds (see [6]).
Hence we may assume that |T]=2:+2. We will prove the theorem by in-
duction on |T|. For x¢T, define f.€V by

{0 if x€eBS X
S(B) = {f(BU {xh if x¢BcCX.
Clearly, f.€V,_;(X) and
S(f) = {B—{x}|x¢ BES(N)}.
Now we consider two cases.
Case 1. For some x¢T, (i) holds for f;, ie.

fe=en—yd) . Qu—r—ra)
for some y€T.
Since |T|=2t+2 we can choose yu,.,€T different from y;(1=i=21)

and x, consider
S =+ 0aa—0f-
Now f’€V,(X), and |J BET- {x}. Hence using the induction hypothesis
Bes(U)

for f’, we have either

@) IS()] = %-2'” and |S*(f) = .;_.22,
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in which case using the fact that S(xf,) S S(f)— S(f”), it can easily be checked that
!S(f)l_z_ <2+l and |ST (f)|>i 2'; or we have

(b) S = xp=xg) - Xy — Xz40)  fOr some  X{€X.
Then again the theorem can be checked directly, for

f=c0q0—x9) .. Oopegr—Xpi2) FC(Vop1 =X (P1—Y2) - Pam1 = Fa)-
Case 2. For all x€T (i) holds with 1., ie.

S =22 and |S*(A)] ;%.21_1.

l\J]

Now (ii) follows from |T|=2r+2 and

1SN = Z 1S (-

+

S =7 SIS
This completes the proof. J]
Proof of Theorem 6. Theorem 6 foliows easily by induction on |S(f). |
Proof of Theorem 7.

(P10 = 3 (s )= 3 arn=0 a

P
CeP(X) AESB

|A]=i

Proof of Theorem 8. Let B¢ S(f) be such that condition (i) is not satisfied. Now if
(ii) is not satisfied there exist integers p,, s, -.., 4¢3 ; Z}B| (mod p) such that for
all CeS(f), there exists i, 1=i=t satisfying

2.2 [BNC| = y; (mod p).
Define a polynomial F(r) by
13

FO = T (—p)
using Corollary 2 for F(z) and (2.2) above we get

t

S(B) [ (Bl~) =0 (mod p).

Since p is a prime and |B| p; (mod p) we infer f(B)=0 (mod p), contradicting the
assumptions. This completes the proof.

Proof of Corollary 4. Using Theorem 8, we obtain that S is z-independent, i.e.
{xs|B€ S} is linearly independent, thus IS[é(Z;].
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